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Abstract. Recent results on the embeddability phenomenon and universality amongst the models of set theory are an appealing blend of
ideas from set theory, model theory and computability theory. Central
questions remain open.
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A surprisingly vigorous embeddability phenomenon has recently been uncovered
amongst the countable models of set theory. It turns out, for instance, that
among these models embeddability is linear: for any two countable models of set
theory, one of them embeds into the other ([4]). Indeed, one countable model of
set theory M embeds into another N just in case the ordinals of M order-embed
into the ordinals of N . This leads to many surprising instances of embeddability:
every forcing extension of a countable model of set theory, for example, embeds
into its ground model, and every countable model of set theory, including every
well-founded model, embeds into its own constructible universe.
LM
M

x ∈ y ←→ j(x) ∈ j(y)

j
Although the embedding concept here is the usual model-theoretic embedding
concept for relational structures, namely, a map j : M → N for which x ∈M y
if and only if j(x) ∈N j(y), it is a weaker embedding concept than is usually
?
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considered in set theory, where embeddings are often elementary and typically
at least ∆0 -elementary. Indeed, the embeddability result is surprising precisely
because we can easily prove that in many of these instances, there can be no
∆0 -elementary embedding.
The proof of the embedding theorem makes use of universality ideas in digraph combinatorics, including an acyclic version of the countable random digraph, the countable random Q-graded digraph, and higher analogues arising
as uncountable Fraı̈ssé limits, leading to the hypnagogic digraph, a universal
homogeneous graded acyclic class digraph, closely connected with the surreal
numbers. Thus, the methods are a blend of ideas from set theory, model theory
and computability theory.
Results from [2] show that the embedding phenomenon does not generally
extend to uncountable models. Current work [1] is concerned with questions on
the extent to which the embeddings arising in the embedding theorem can exist
as classes inside the models in question. Since the embeddings of the theorem
are constructed externally to the model, by means of a back-and-forth-style
construction, there is little reason to expect, for example, that the resulting
embedding j : M → LM should be a class in M . Yet, it has not yet known
how to refute in ZFC the existence of a class embedding j : V → L when
V 6= L. However, many partial results are known. For example, if the GCH
fails at an uncountable cardinal, if 0] exists, or if the universe is a nontrivial
forcing extension of some ground model, then there is no embedding j : V → L.
Meanwhile, it is consistent that there are non-constructible reals, yet hP (ω), ∈i
embeds into hP (ω)L , ∈i.
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